CS 57800 - Statistical Machine Learning
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Latent Variable Models
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Latent variables
Z

f(x; z)

‘ Generator

v

Observing x, how to learn z?




Outline

- Matrix Completion

« Method of Moments
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Matrix Completion

. M e R™*"2 js an unknown matrix

- Input: {(ik,jk),Mikjk} fork € [m]

« Goal: reconstruct M

This seems to be a silly question, since changing an unobserved
entry leaves all data unchanged

> We need a relation among entries
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Matrix Completion

Low-rankness < Shared latent features

M;; = al-Tbj fora;, b; € R", (i,j) € [n;]X[n,] < rank(M) <r < min{n;,n,}

M = | L RT
T X N9

1 X N9 1 Xr

Under this assumption, there are only (n; + n,)r hidden parameters, much smaller than n,n,

One observation constrains factors that are shared by many other entries
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Matrix Completion

Motivation: Netflix Prize

— _ |
Netiixprze el CIOTE 7]

Home Rules Leaderboard Update  Download

user1

Leaderboard e

Showing Test Score. Click here to show quiz score

o user 3
Display top 20 ,,B leaders.
user4
Rank Team Name Best Test Score % Improvement Best Submit Time user 5
Grand Prize - RMSE = 0.8567 - Winning Team: BellKor's Pragmatic Chaos user 6
1 | BellKor's Pragmatic Chaos 0.8567 10.06 | 2009-07-26 18:18:28
2 The Ensemble ! 0.8567 10.06 | 2009-07-26 18:38:22 user 7
3 Grand Prize Team i 0.8582 i 9.90 | 2009-07-10 21:24:40 user 8
4 Opera Solutions and Vandelay United 0.8588 9.84 | 2009-07-10 01:12:31
5 Vandelay Industries ! 0.8591 9.81 | 2009-07-10 00:32:20 user 9
6 PragmaticTheory | 0.8594 i 9.77 | 2009-06-24 12:06:56
7 BellKor in BigChaos | 0.8601 { 9.70 | 2009-05-13 08:14:09 user10
8 Dace ! 0.8612 i 9.59 | 2009-07-24 17:18:43
user480189
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Matrix Completion

(23
4

What if only the first row were observed?
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Matrix Completion

Data generation

(ix, ji) ~ Unif([n,]X[n,]) independently for k € [m]

Sampling is with replacement: a location may occur multiple times

Prediction:

Sample complexity: ~ €~

October4,2026
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_ 1
R(X) = z|Xij — M;;

B?rnlogn

Exact recovery:

X=M

Sample complexity: ~ rnlog?n




Matrix Completion

Let M € R™*™2 phe an unknown matrix of rank < r. Given observations of uniformly random

entries {(lk,]k) M, } for k € [m], the goal is to output a matrix X ~ M

ikJk

Can we optimize over the low-rank matrices?

m
. 2
ITIn N lk] kK lkJ' k)

XeRM1Xn2 ; rank(X)<r

The set of rank-r matrices are not convex:

1 1 1
S0 o) t3( D=3k

Can we relax to all matrices in R™1%"2?

The exact minimizer will set every missing entry to zero
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Matrix Completion

The singular value decomposition (SVD) of X is

— T
X = o;u;v; , O; >0

Vi

=1

Rank

rank(X) = [{i € [s] : g; > O}] = ||allo

Operator norm
X1l = max o; = |0l
i€[s]

s 1/2
X1l = ( 05) = |lall,
i=1

IXll. = ) oy =lloll,
i=1

Frobenius norm

Nuclear norm
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Matrix Completion

Nuclear norm

S
X1, = ) i = llally

=1

If rank(X) < r, then

S 1/2
X1, < ﬁ(Z ai2> = VFIXI;

=1
If we also know that || X|| hax = maX|Xl-j| < B, then
ij

X1l < VrlIXllr < Byrngn,
Let T := B /T n,.

The set {X € R™*"2 : || X||, < 7} contains all rank < r matrices (and some higher rank matrices)
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Matrix Completion

For every real matrix X,

IXIl. = sup (¥,X), IXIl = sup (Y,X)
Y:||Y||=1 Y:||Y|l.<1

where (¥, X) i= tr[Y TX] = Ty, X; ¥y
Proof.

Write X = Y5i_, o;u;v] . If ||Y]| < 1, then

S

S S
¥, X) = oo < ) aillullivvill < ) o = l1XI].

=1 =1 =1

Fquality is attained by Y = Y;_, u; v/

October4,2026 1



Matrix Completion

Lemma (Nuclear norm/operator norm duality). For every real matrix X,
IX]l. = sup (¥,X), IXIl = sup (Y,X)

Y:||Y||=1 Y:||Y|l.<1

where (Y, X) = tr[Y TX] = Zij XijYij

> The nuclear norm can be written as a supremum of linear functions of X, which is convex

X = arnginIIXII* s.t. Xij, =M, Vke[m], |1 Xl max < B

Convex optimization, and M is a feasible solution so ||)?||* < ||M||.

Generalization error?
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Matrix Completion

Two more facts about the nuclear norm

Fact1. Let A = {uv' : |Jull £ 1, ||v|| £ 1}. Then
X IXIl, < 1} = conv(A)

Fact 2. For every X,

1
X|l, = min_=(|[L||IZ + |IR]I2
1XIl. = min = ([LII7 + IRII7)

> The nuclear norm minimization can be viewed as a least-square on the latent factors

October4,2026 13



Matrix Completion

Learning theory for matrix completion
Domain Q = [n,]X[n,]
Data generation distribution D uniformly samples (i, j) € Q

Hypothesis class
}[T,B ={X: X[, <7, ”X”max < B}

Loss function €(a, b) = |a — b|

Which tool can we use
Generalization error \ to bound ity

R(X) = Ep|X;; — My|] —

> Rademacher complexity!
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Matrix Completion

Theorem. Assume that the loss function £ is bounded by B. Then, with probability 1 — §,

log(1/6
R(ERM}[(S)) — inf R(h) < ]ESINDm[R(,e o o SN + B\/ g(1/96)
heH —
In our case,
X = argminllX|l, st Xy = My, Yk € [m], X < B

X is an ERM learner for H: g

inf R(X) = 0since M is a feasible solution
XeH B

It suffices to bound [ESINDm[R(i’ oH,po 5')]
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Matrix Completion

ES’~Dm[R(€ o Hyp o 5’)]
Let S" = {(i1, 1)) - G i)}
HepoS ={(Xij, Xt ):X€EHp}
toHrp oS ={(|Xipj, = Miyjs | oo [Ximg i = Mijim|) * X € Ho s}

Its Rademacher complexity is
m

, 1
R(f cHrpoS ) — EEww{il}m [ Sup Z wlelka lk]kd

Xe}[T’B k
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Matrix Completion

Foreachi € [m], let ¢; : R = R be p-Lipschitz. For A c R™, let ¢p o A := {(¢1(a1), O

R™. Then,
R(¢poA) <p-R(4)
£ (x) = |x — lkal is 1-Lipschitz
12 (x0) = €I < |(x =My ;) — (v — M, ;)| = |x =yl
Thus,

E’L’B

1 m
R(¢oHrpoS") SR(HepoS') = —Epmpsym [ sup z X
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Matrix Completion

Let
E;; = e;e], Vij € [n]X[n,]

be an orthonormal basis of R*1*"2 and (X, Eu)

Forw € {—1,1}™, define

m
Zw = Z a)kEikjk
k=1

Then,

m

Sup kaikjk = Sup (X, Zw) = Sup (X; Zw) — T”Zw”
XE}[T,B =1 XE:H‘-L-’B
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Matrix Completion

Thus,
T
R(£ 0 Hyp 0 S") < —EppegrymlliZoll]
and
T
Eg'pm[R(€ 0 Hyp 0 S')] < —Egr , [I1Z4l]

X, is @ random matrix, and we want to bound its operator norm

m

Z wkEikjk

k=1

Egr oI Zell] = E{ikjk},w[
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Matrix Completion

Theorem (Rectangular matrix Bernstein inequality). Let Z4, ..., Z,, € R"1*™2 be independent
random matrices such that E[Z;] = 0 and |[Z,|| < L almost surely. Define the matrix variance

pProxy
z E|Z:Zy | z E|Zy Zy }

k k

)

U = max{

Foranyt = 0,

$2
> t] < —
Pr zk:Zk > t] < (n;+n,) exp( 2(v+Lt/3))'
and
L
E ZZR </ 2vlog(n, +n,) +§log(n1 +n,)
K
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Matrix Com

pletion

m
Eiy 0 [ z WLy jy

k=1

Let Z), = wyE;, j, fork € [m].

E[Z,]=0,L=1,

- 1
[Zka] = [E[Elk]k lk]k] = [E[elk — n_11n11
m m
V= max{n—1 n_z} = n_1 if we assume n; < n,

October4,2026
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B[22

1
< \/—log(nl +n,) +§

21

E|ZZ| =

log(n, + n,)



Matrix Completion

Theorem. Suppose [|M||, < T and ||M||hax < B. Given m independent uniform entries of M. Let

X be the solution of the optimization problem:

X = arnginllel* s.t.  X;j, =M, Vke€[m], 1 Xl max < B
With probability at least 1 — 6,
1 " log(n, +n log(n, +n log(1/6
Z|Xij_Mij| <1 g(ny 2)_|_ g(ny 2) + B g(1/9)
nin; & mny m \ m
ij N

If rank(M) < r, then T < B/rn;n,, and we get that

1 ~ rn,log(n, +n log(1/6
Z|Xij_Mij| < B ,log(n, 2)+B g(1/8)
n{n, - m m
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Matrix Completion

Theorem. Suppose [|M||, < T and ||M||hax < B. Given m independent uniform entries of M. Let

X be the solution of the optimization problem:

X = arnginllel* s.t.  X;j, =M, Vke€[m], 1 Xl max < B
With probability at least 1 — 6,
1 " log(n, +n log(n, +n log(1/6
Z|Xij_Mij| <1 g(ny 2)_|_ g(ny 2) + B g(1/9)
nin; & mny m \ m
ij N

To achieve mean-error at most ¢, it suffices to take

m = QO (5—22 (rn, log(n, + n,) + 108(1/5))>
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Matrix Completion

Theorem. Suppose [|M||, < T and ||M||hax < B. Given m independent uniform entries of M. Let
X be the solution of the optimization problem:

X = argn}(inllel* s.t. Xjj, =M, Vk€[m], 1 Xl max < B
With probability at least 1 — 6,
1 " log(n; +n log(n; +n log(1/6
Z|Xij_Mij| < g(ny 2)+ g(ny 2) +B g(1/6)
nlnz — mnl m \‘ m
ij N

This generalization bound still holds (with minor changes) if the observation entries are noisy

m

1 1 ,\

E;lxi“k - Mikfk| =7 — EZ'XU - Mijl =RHS+7
= ij
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Matrix Completion

A\

X = arnginllXII* S. t. Xi j, = M ;. Vk € [m]

Can the solution exactly recover M?

10 « 0
Consider M = e e] = O 0 O
O 0 -+ 0

Unless we observe M, {, the data are identical to those from the all-zero matrix

m
. 1
Pr[M,, is missed] = (1 — ﬁ)

Yet predicting zero has mean absolute error 1/n?
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Matrix Completion

The coherence u of a subspace U € R™ of dimension r is
n 2
H = max IPyells,

where Py is the orthogonal projection onto U

If U is a uniformly random subspace, then u = 0(1)

If U =e,,thenu=n/r
Let n; = n, = n for simplicity and let M = UXV T be the SVD with U,V € R™*", % € R"™*"

We assume that u(U), u(V) < u,

We also assume that ||UV T ||,yax < H1V7/1

The singular vectors of M
are uncorrelated with the
standard basis
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Matrix Completion

Let n; = n, = n for simplicity and let M = UXV T be the SVD with U,V € R™*", % € R"™*"
We assume that u(U), u(V) < u,

We also assume that ||UV || jax < uiV1/n

Theorem (Exact Recovery). Under these assumptions, with probability 1 — &, the nuclear norm
minimization

AN

X = arnginllXII* s. t. X, ;. =M, . Vke€[m]

ik ikJk
will exactly recover M if

m = Q(max{uf, uo} rnlog?(n/6))
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Matrix Completion

High-level approach
Suppose M + Z is another candidate solution of the nuclear norm minimization

We will find a certificate matrix B such that
> Bl =1

> IM+Z|l. ={M + Z,B) > |[M]].

Thus, M + Z is not optimal
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Matrix Completion

Recall M = UXV'. Let uy, ..., u, be the columns of U and v, ..., V,- be the columns of V
We can extend then to orthonormal bases of R™ withu,, 4, ..., u,, and v, ¢, ..., V,,, respectively

Define a linear subspace of matrices:
T = span{uiva :i € [r]orj € [r]}

Then
T+ = span{u;v] :r+1<1i,j <nj
Ve 7l
dim(T) =%+ 2r(n — 1) L ‘
PrlZ)l = PyZ + ZPy, — PyZPy U| T I

dim(T+) = (n —r)?
Pri [Z] = PyLZP,1 U*L T TL
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Matrix Completion

Let Q be the locations of the observations. Our goal is to show that ||M + Z||. > ||M]||. forany Z
supported on Q€ by finding a matrix B such that (M + Z, B) > ||M||.

Let Uy, V, be the left- and right-singular vectors of P,.[Z], and define

T
B=[U U] KI] =UVT +U, V]

-
IB|| < 1 since the above expression is an SVD for B M1UV,
IM+Z|l,>(M+Z By =(M+ZUVT +U, V)

=(M,UVT) +(Z,UVT + U, V])
=M. +(Z,UVT + U, V)

We need to show that (Z, UV T + U, V") > 0 for any Z supported on Q¢
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Matrix Completion

Suppose there is a helper matrix Y that satisfies the following conditions:

. Y is supported on Q) (Y,Z) =0

i.  ||PrYI=UVT||p <+r/8 PrlY] = UVT 4 )
i |Pr[Y] 11 r/8n rlY] (A B) = tr[ATB]

ii. ”?TJ_[Y]” <1/2 Prr[Y]is small = tr[A’ (P + P*)B]

= tr[AT PPB] + tr[AT P1P1B]
= (PA, PB) + (P*A, P1B)
(Z,UVT +U V) =(Z,UVT + U, V] —Y) . =

=(Pr[2), P [UVT + U V] = Y1) + (P,L[Z2), P, [UVT + U, V] —Y])

=(Pr[Z),UVT — Pp[Y]) + (P o[Z2), U V] — P i[Y])

= (Pr[Z],UVT = PrY]) + || P 2]|| = (PrelZ], PralY])
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Matrix Completion

Suppose there is a helper matrix Y that satisfies the following conditions:

. Y is supported on Q) (Y,Z) =0

i. ||Pr[Y]=UVT||r <+/7/8n PrY] = UVT

i. || PrL[Y]|| < 1/2 Pr1[Y] is small

(Z,UVT + U V) =(Pr[Z],UVT = PrlY]) + ||P72[2]|| = (PrelZ], PralY])

\F 1Po (20l + [Pyl 2], — (PyelZ), Ppaly))

1
- /all?T[Z]llF + |27 Z1]], = S 127 L21]],

Thus, we need to show that —/7/8n || P Z]||» + (1/2)||PTL :Z]
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Matrix Completion

Let Ry be a linear operator that zeros out all the entries of a matrix except those in ()

RalZ] = z (e;ef,Z)ee]
(i,))eq

If ) is chosen uniformly at random and m = Q(nrlogn), then with high probability

n? m 1
— |PrRoPr - ;?TH <>
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Matrix Completion

If 0 is chosen uniformly at random and m = rnlogn, then with high probability for any Z

supported in Q¢ we have
r
|PrL21]], > /%Il?T[Z]HF

The previous lemma gives that with high probability,

Proof.

| PrRaPr - 2Pl <5 2n2
By Cauchy-Schwarz,

|<Z,:PTRQ:PT[Z] — P ]>| < ‘?TRQ:PT _

) m
(2, PrRaPr12) - 5 Prl2l) = = 11213

nZ

October4,2026 34



Matrix Completion

(2, PrRaPr (2] = 5 Pr12) = (2, PrRaPrlZ]) = 5 (2, PrlZ]) = (2, PrRaPrlZ]) — - 1P 21113

Thus, we have

m m
(Z, PrRoPrlZ]) = ) |1Pr[Z]II7 By 1Z]| 7
m m 2
= NPrlZ1IF — 5 [|1Prl2] + Pral2]]],
m m 2
= 5 IPrlZ1IE — = [P 2]]

For LHS,
(ZJ:PTR.Q:PT[Z]> — <:PT[Z]JRQPT[Z]>
= (RaPrlZ], RaPr[Z]) = |IRqPr[Z]113
= |Ra(Z = Ppil2D)|} = |RaPreL2]|);

2

<[Pt
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Matrix Completion

”‘{PTL
(1 +
|Pral2]]} 2

Note that ||SDTL[Z]||i = ”?TL[Z]”,Z:

Thus,

October4,2026
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Matrix Completion

Let Ry be a linear operator that zeros out all the entries of a matrix except those in ()

RalZ] = z (e;ef,Z)e;e]
(i,))EQ

If ) is chosen uniformly at random and m = Q(nrlogn), then with high probability

n? m 1
— |PrRoPr - E?T” <>

The operator norm of a linear operator is defined as ||T’|| = ”IZrﬁaxlllT[Z]IIF
F<
In expectation, E[Rq(Z)] = %Z, thatis, E[Rq] = % Id

m
E[PrRoPr] = PrE[R]Pr = = Pr

RaPrlZ] = z (eiejT,?T[ZDeiejT = Z <SDT[eiejT ,Z) eej
(i,j)eQ (i,j)eq
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Matrix Completion

Let Ry be a linear operator that zeros out all the entries of a matrix except those in ()

RalZ] = z (e;ef,Z)ee]
(i,))eq

If ) is chosen uniformly at random and m = Q(nrlogn), then with high probability

n? m 1
— |PrRoPr - PSDT” <>

The operator norm of a linear operator is defined as ||T’|| = ||?|1|aX1”T[Z]”F
F<
E[PrRqPr] = %?T
PrRoPrlZ] = (Prlee]], z)Pr|ee]]
(i, peq '
T:lZ]
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Matrix Completion

If ) is chosen uniformly at random and m = Q(nrlogn), then with high probability
n |PrRoPr - E?T” <3
m n? 2
Define linear operators J;; forevery i,j € [n]:
T;;1Z] = (Pr|eie] |, Z)Pr|e;e] |
PrRoPr = ;cn=1 Tikjk

J;; can be viewed as an n*xXn?* matrix of rank-1: Vec(?T[el-ejTDVGC(?T[eiejTDT
2
|71 = [|Pr[eef ]I

1
[E[‘Tikjk] - n_stT
For PSD matrices 4, B,

2 —
17,5, — EIT ]Il < max{||Pr[e; e}, ]I 1/n2} 14 — Bl < max{||All, I BII}
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Matrix Completion

2
”Tikjk - IE[Tikjk]” = max{ll?T[eike}C{“'F' 1/n2}
Recall that ?T[Z] — PUZ + ZPV - PUZPV

|Prleef|II% = (Prleie]] ee]) = NPyeill? + [|Pyefl|” = 1Pyell?]|Pyes]|”

2
By the coherence assumption, ||Pye;ll?, ||Pye]|” < por/n

2 2,[1 r
|Prlee] I, <=
Thus,
2Upr 1 2UoT
”Tikfk - IE[‘Tikfk]” = max{ nO 'nz} N Tlo
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Matrix Completion

”Tikjk o E[gzk]k ”

:T;] = VeC(:PT [el'

Thus,

e/ |)vec(Pr|e;e;

”[E (lejk - E[ lkaD ]” B
< max{”E[ lk]k]” }

T )T, s0 ;7 =

(el

|E| (7 — B

October4,2026

lk]k]” —

lkjk]) ”l = max{z'uor 1} _ 2UgT

1 2
lka n2 —Pr

1
IE lk]k _F

|Prleef]Il, - 7 < g3,

n

2;1 r 2UoT
° ”IE[ lkfk]” = ng

n3 'n4 n3

41
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Matrix Completion

2(v + Lt/3)

tZ
> t] < (ny +ny) exp <— )

R
k

Z — E|

lk]k lk]k]

L =2uyr/n, v =2u,r/n’
t =m/(2n%)

lk]k lk]k])

= on2

m? /n*
< 2ncexp| — 1
UpT (ﬁ + m/n3)

=2n2exp(— = )S -
Horn) — poly(n)

if m > Q(uyrnlogn)
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Matrix Completion

It remains to show the existence of the helper matrix Y such that:

. Y is supported on ()

i. ||Pr[Y]=UVT|r <+4/7/8n

- Quantum
i, ||PplY]]| < 1/2 9 golﬁny

High-level strategy: —

Break up the observations () into disjoint subsets {4, ..., {,, forp = logn

Use each subset of observations to construct Y iteratively:

YO - O, WO = UVT
n? .
Yivio =1 + WR.QH.l[VVi]' Wiz = UV = PrlYi4]

Y

2
T%IE[RQM] =Id = Y;,; — Y, is an unbiased estimator for W;
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Matrix Completion

Quantum golfing

Quantum State Tomography via Compressed Sensing

David Gross', Yi-Kai Liu?, Steven T. Flammia3, Stephen Becker?, and Jens Eisert®

Show more ~

Phys. Rev. Lett. 105, 150401 - Published 4 October, 2010

DOI: https://doi.org/10.1103/PhysRevLett.105.150401

Density matrix

Cz"xz"

pE

Quantum state

October4,2026
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Matrix Completion

High-level strategy:

Break up the observations () into disjoint subsets {4, ..., (), for p = logn

Use each subset of observations to construct Y iteratively:

Yo =0, Wy = uv’
n? .
Yiyqi =Y + Wﬂﬂiﬂ[wi]' Wipr = UV = PrlYii4]

Y =Y, is supported on Q
PrlW;] = W, foralli €{0,1, ..., p}

October4,2026 45



Matrix Completion

2
n
IWillp = |PrlY:] — UVT“F = ||Prl¥;-1] +W~{PT:RQi[VVi—1] - UV’
F
n?
= |—=PrRq [Wi1] — W;_4
m F
n? _
— E:PTRQL-:PT[WL'—l] — Pr -Wi—1]
F
nz
— [|PrRa,Pr ——?T Wil
m
<2 Wil

The Frobenius norm of the remainder decreases geometrically

Thus, Y satisfies ||Pr[Y] — UV || <+/r/8nforp = logn
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Matrix Completion

Y, =0, W, =UVT

n T
Yisr =Y, +WRQL'+1[WL']7 Wipr = UV = PrlYi]

1
Wit llr < E”Wi”F

It remains to show that ||P,.[Y]|| < 1/2

2
Let A;Y ==Y, — Y, = —=Rq.[Wi_4]
L L -1 m Q; -1 :PTJ-[Wi—l] —0

W; € T, but Rq,[W;_1] may not. We have A;Y = Pr[A;Y] + P,1[A;Y] and

2
(W Raq; — 1d> [Wi—l]]

sampling error

2

n
— R.Ql [Vl/i—l]

PraldY] = Pra|—

=Pr1L

2
Recall that [E [%RQJ = 1d
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Matrix Completion

p

zAiY

i=1

p
Sz Pri

i=1

P ralv1]] = ||,

<

e

o~
Il
[ERY

m

n2
— Rq, — 1d | [W;_4]
The second step follows because
PrlZl=U-UUZU-VVT)
|G —-vUuDZU-vvDOI <II-=UU™|l-lIZ|| - I = vV = [|Z]]
This is not true for a general projector on a linear subspace of matrices

Counterexample:

=5 5 G = o) a=(t 1) ?T[A]=Gé)
.Y = e, el = o) =12 Pyl =+
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Matrix Completion

p

|Pratvll < ).

=1

m

(n_z, :RQL Id) [Wl 1]

Estimate 1:

For a fixed matrix Z independent of ();, by matrix Bernstein inequality, with probability 1 — 7

n? n3log(n/n)
—_ — <
H(m, :RQL- Id) [Z]H —\/ m, ”Z”max;

provided m' = Q(rnlog(n/n))

p
n3log(n/n)
< W:_
_\/ m, Z” ll”max
=

p
|PrelY] 2 < T Ra, — >[Wi—1]
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Matrix Completion

Proof of Estimate 1:

n2
(W‘Rﬂi ) ~ Z(nzzlklkElka Z)'

ELX,] = 0 and [1X, | < 2020121l may A
E|XeX{| = n*E|ZZ ; Ei i | — n*E|Z; Ei |27 — n*ZE|Z,

Ikjk Ikjk lk]k]

+ 777

IkJk Jklk]

=n 22 bEab ZZT 3”Z“max'

Matrix Bernstein inequality gives that

[
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Matrix Completion

Proof of Estimate 1:
Matrix Bernstein inequality gives that

=%
rm, k
k

=t

£2
< _
< nexp< 23| Z 1|50/ M + ant/(3m’))>

n? log(n/n)
= J = 12l
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Matrix Completion
Estimate 2:

For a fixed matrix Z € T independent of (};, with probability 1 — 7,

1
m < E ”Z”max

nZ
|Z —— PrRo,lZ]

provided m’' = Q(uy,rnlog(1/n))
Recall
YO — O, WO — UVT
n T
Yijo =Y+ WRQL-H[WL'L Wip1 = UV = PrlYii4]

n2
Wig1 =W = ?T[Yi - Yi+1] — _W:PT:RQHJWL']

nZ
”Wi”max = Wi—l o W“PT:RQi[Wi—l]

N =

<

max

”Wi—lllmax < e S 2_i”UVT”max
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Matrix Completion

ml

p
n® log(n/m)
< Wi;_
_J = Zlu - llmas
i=

p
n3log(n .
< J e Al
m =1

<) \/n?’ log(n/n) uVr -

m’ n

(2 8 - )

1
2
Provided m' > Q(,ufrn log(n/n))

To make those estimates hold, we also need m' = Q(uy,rnlog(n/n))
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Matrix Completion

Let n; = n, = n for simplicity and let M = UXV T be the SVD with U,V € R™*", % € R"™*"
We assume that u(U), u(V) < u,

We also assume that ||UV || jax < uiV1/n

Theorem (Exact Recovery). Under these assumptions, with probability 1 — &, the nuclear norm
minimization

AN

X = arnginllXII* s. t. X, ;. =M, . Vke€[m]

ik ikJk
will exactly recover M if

m = Q(max{uf, uo} rnlog?(n/6))
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Matrix Completion

Proof of Estimate 2:
2 1 m
(W Pria 2] - Z>ab N Wz("zzlwk(?T[Elka]’Eab) Za)
1 kn:ll
T m ,.(nzzikfk<Eikjk'?T[Eab]) B Zab).
- Y

Recall that ||Pr[Egp]lI% < “Hol

n

Thus, |&,] < n2IIZIImaX||5DT[Eab]||F||:PT[Eikjk]”F = 4ornl|Zllmax
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Matrix Completion

Proof of Estimate 2:

1
m' ‘( ZZlk]k<Eikjk’:'P ab) ab)

Sk

2
|PrEgplll7 < 22

|€k| < 4‘.uorn||Z||max

Note that E[n?Z;, ; (Ei ., PrlEap])] = Zap

2
ThUS E[fk < E [(nzzlk]k<Eikij“PT[Eab]>) ] < nZHZ”%naX”:PT[ ab]”F < 2#07”71”Z||max
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Matrix Completion

Proof of Estimate 2:

("2 PR [Z] z> LN ¢
— T, - = k
m a,b m k=1

|€k| < 4‘.uOrn”Z”max and [E[fk] = 2.uOrn”Z”max

By the scalar Bernstein inequality,

m’ 2
P 1 >t <2 ( /2 )
r — = = 4 €X —
Z m’ P\ 2ol Z e/ + gl Zl et /(3

If we take t = % | Z|| ;1ax, then RHS < n provided m’ = Q(uyrnlog(1/n))
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  𝒛


  f  (  𝒙 ; 𝒛 )


  𝒙


  𝒙


  𝒛


  M ∈  ℝ   n 1 ×  n 2


   {   (   i k ,  j k ) ,  M   i k  j k }


  k ∈  [ m ]


  M


  ⟺


   M  i j =  𝒂 i ⊤  𝒃 j


   𝒂 i ,  𝒃 j ∈  ℝ r


   (  i , j ) ∈  [   n 1 ] ×  [   n 2 ]


  ⟺


  rank  ( M ) ≤ r ≪   min ⁡   {   n 1 ,  n 2 }


   (   n 1 +  n 2 ) r


   n 1  n 2


  𝟏


   (     2  3  ?   4  ?  10 )


   (   i k ,  j k ) ∼ Unif  (   [   n 1 ] ×  [   n 2 ] )


  k ∈  [ m ]


  ℛ  (   X ^ ) =  1   n 1  n 2  ∑  i j   |     X ^  i j −  M  i j |


  ∼  𝜀  − 2  B 2 r n   log ⁡ n


   X ^ = M


  ∼ r n     log 2 ⁡ n


  M ∈  ℝ   n 1 ×  n 2


  ≤ r


   {   (   i k ,  j k ) ,  M   i k  j k }


  k ∈  [ m ]


   X ^ ≈ M


      min   X ^ ∈  ℝ   n 1 ×  n 2     :   rank  (   X ^ ) ≤ r ⁡   ∑  k = 1 m     (     X ^   i k  j k −  M   i k  j k ) 2


  r


   1 2  (     1  0   0  0 ) +  1 2  (     0  0   0  1 ) =  1 2  I 2


   ℝ   n 1 ×  n 2


  X


  X =  ∑  i = 1 s   𝜎 i  𝒖 i  𝒗 i ⊤ ,          𝜎 i > 0


  rank  ( X ) =  |   {  i ∈  [ s ]   :  𝜎 i > 0 } | =    ‖ 𝝈 ‖ 0


   ‖ X ‖ =     max  i ∈  [ s ] ⁡   𝜎 i =    ‖ 𝝈 ‖ ∞


     ‖ X ‖ F =    (   ∑  i = 1 s   𝜎 i 2 )   1 / 2 =    ‖ 𝝈 ‖ 2


     ‖ X ‖ ∗ =  ∑  i = 1 s   𝜎 i =    ‖ 𝝈 ‖ 1


     ‖ X ‖ ∗ =  ∑  i = 1 s   𝜎 i =    ‖ 𝝈 ‖ 1


  rank  ( X ) ≤ r


     ‖ X ‖ ∗ ≤  r    (   ∑  i = 1 s   𝜎 i 2 )   1 / 2 =  r    ‖ X ‖ F


     ‖ X ‖  max ≔     max  i j ⁡   |   X  i j | ≤ B


     ‖ X ‖ ∗ ≤  r    ‖ X ‖ F ≤ B   r  n 1  n 2


  𝜏 ≔ B   r  n 1  n 2


   {  X ∈  ℝ   n 1 ×  n 2   :    ‖ X ‖ ∗ ≤ 𝜏 }


    ≤ r


  X


     ‖ X ‖ ∗ =     sup  Y   :  ‖ Y ‖ ≤ 1 ⁡   ⟨  Y , X ⟩ ,                  ‖ X ‖ =     sup  Y   :    ‖ Y ‖ ∗ ≤ 1 ⁡   ⟨  Y , X ⟩


   ⟨  Y , X ⟩ ≔ tr  [   Y ⊤ X ] =  ∑  i j   X  i j  Y  i j


  X =  ∑  i = 1 s   𝜎 i  𝒖 i  𝒗 i ⊤


   ‖ Y ‖ ≤ 1


   ⟨  Y , X ⟩ =  ∑  i = 1 s   𝜎 i  𝒖 i ⊤ Y  𝒗 i ≤  ∑  i = 1 s   𝜎 i  ‖   𝒖 i ‖  ‖  Y  𝒗 i ‖ ≤  ∑  i = 1 s   𝜎 i =    ‖ X ‖ ∗


  Y =  ∑  i = 1 s   𝒖 i  𝒗 i ⊤


  ∎


  X


     ‖ X ‖ ∗ =     sup  Y   :  ‖ Y ‖ ≤ 1 ⁡   ⟨  Y , X ⟩ ,                  ‖ X ‖ =     sup  Y   :    ‖ Y ‖ ∗ ≤ 1 ⁡   ⟨  Y , X ⟩


   ⟨  Y , X ⟩ ≔ tr  [   Y ⊤ X ] =  ∑  i j   X  i j  Y  i j


  X


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ] ,            ‖ X ‖  max ≤ B


  M


     ‖   X ^ ‖ ∗ ≤    ‖ M ‖ ∗


  𝒜 =  {  u  v ⊤   :  ‖ u ‖ ≤ 1 ,  ‖ v ‖ ≤ 1 }


   {  X   :    ‖ X ‖ ∗ ≤ 1 } = conv  ( 𝒜 )


  X


     ‖ X ‖ ∗ =     min  X = L  R ⊤ ⁡   1 2  (     ‖ L ‖ F 2 +    ‖ R ‖ F 2 )


  Ω =  [   n 1 ] ×  [   n 2 ]


  𝒟


   (  i , j ) ∈ Ω


   ℋ  𝜏 , B =  {  X   :    ‖ X ‖ ∗ ≤ 𝜏 ,    ‖ X ‖  max ≤ B }


  ℓ  (  a , b ) =  |  a − b |


  ℛ  ( X ) =  𝔼 𝒟  [   |   X  i j −  M  i j | ]


  ℓ


  B


  1 − 𝛿


  ℛ  (    ERM ℋ  ( S ) ) −     inf  h ∈ ℋ ⁡  ℛ  ( h ) ≲  𝔼   S ′ ∼  𝒟 m  [  R  (  ℓ ∘ ℋ ∘  S ′ ) ] + B       log ⁡   (   1 / 𝛿 ) m


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ] ,            ‖ X ‖  max ≤ B


   X ^


   ℋ  𝜏 , B


      inf  X ∈  ℋ  𝜏 , B ⁡  ℛ  ( X ) = 0


  M


   𝔼   S ′ ∼  𝒟 m  [  R  (  ℓ ∘  ℋ  𝜏 , B ∘  S ′ ) ]


   𝔼   S ′ ∼  𝒟 m  [  R  (  ℓ ∘  ℋ  𝜏 , B ∘  S ′ ) ]


   S ′ =  {   (   i 1 ,  j 1 ) , … ,  (   i m ,  j m ) }


   ℋ  𝜏 , B ∘  S ′ =  {   (   X   i 1  j 1 , … ,  X   i m  j m )   : X ∈  ℋ  𝜏 , B }


  ℓ ∘  ℋ  𝜏 , B ∘  S ′ =  {   (   |   X   i 1  j 1 −  M   i 1  j 1 | , … ,  |   X   i m  j m −  M   i m  j m | )   : X ∈  ℋ  𝜏 , B }


  R  (  ℓ ∘  ℋ  𝜏 , B ∘  S ′ ) =  1 m  𝔼  𝝎 ∼    {  ± 1 } m  [      sup  X ∈  ℋ  𝜏 , B ⁡   ∑  k = 1 m   𝜔 k  |   X   i k  j k −  M   i k  j k | ]


  i ∈  [ m ]


   𝜙 i   : ℝ → ℝ


  𝜌


  A ⊂  ℝ m


  𝜙 ∘ A ≔  {   (   𝜙 1  (   a 1 ) , … ,  𝜙 m  (   a m ) )   : a ∈ A } ⊂  ℝ m


  R  (  𝜙 ∘ A ) ≤ 𝜌 ⋅ R  ( A )


   ℓ k  ( x ) =  |  x −  M   i k  j k |


   |   ℓ k  ( x ) −  ℓ k  ( y ) | ≤  |   (  x −  M   i k  j k ) −  (  y −  M   i k  j k ) | =  |  x − y |


  R  (  ℓ ∘  ℋ  𝜏 , B ∘  S ′ ) ≤ R  (   ℋ  𝜏 , B ∘  S ′ ) =  1 m  𝔼  𝝎 ∼    {  ± 1 } m  [      sup  X ∈  ℋ  𝜏 , B ⁡   ∑  k = 1 m   𝜔 k  X   i k  j k ]


   E  i j =  𝒆 i  𝒆 j ⊤ ,         ∀ i j ∈  [   n 1 ] ×  [   n 2 ]


   ℝ   n 1 ×  n 2


   ⟨  X ,  E  i j ⟩ =  X  i j


  𝝎 ∈    {  − 1 , 1 } m


   Σ 𝝎 =  ∑  k = 1 m   𝜔 k  E   i k  j k


      sup  X ∈  ℋ  𝜏 , B ⁡   ∑  k = 1 m   𝜔 k  X   i k  j k =     sup  X ∈  ℋ  𝜏 , B ⁡   ⟨  X ,  Σ 𝝎 ⟩ ≤     sup  X   :    ‖ X ‖ ∗ ≤ 𝜏 ⁡   ⟨  X ,  Σ 𝝎 ⟩ = 𝜏  ‖   Σ 𝝎 ‖


  R  (  ℓ ∘  ℋ  𝜏 , B ∘  S ′ ) ≤  𝜏 m  𝔼  𝝎 ∼    {  ± 1 } m  [   ‖   Σ 𝝎 ‖ ]


   𝔼   S ′ ∼  𝒟 m  [  R  (  ℓ ∘  ℋ  𝜏 , B ∘  S ′ ) ] ≤  𝜏 m  𝔼   S ′ ,     𝝎  [   ‖   Σ 𝝎 ‖ ]


   Σ 𝜔


   𝔼   S ′ ,     𝝎  [   ‖   𝛴 𝝎 ‖ ] =  𝔼   {   i k  j k } , 𝝎  [   ‖   ∑  k = 1 m   𝜔 k  E   i k  j k ‖ ]


   Z 1 , … ,  Z m ∈  ℝ   n 1 ×  n 2


  𝔼  [   Z k ] = 0


   ‖   Z k ‖ ≤ L


  v =   max ⁡   {   ‖   ∑ k  𝔼  [   Z k  Z k ⊤ ] ‖ ,  ‖   ∑ k  𝔼  [   Z k ⊤  Z k ] ‖ }


  t ≥ 0


    Pr ⁡   [   ‖   ∑ k   Z k ‖ ≥ t ] ≤  (   n 1 +  n 2 )   exp ⁡   (  −    t 2  2  (  v +   L t / 3 ) ) ,


  𝔼  [   ‖   ∑ k   Z k ‖ ] ≤   2 v   log ⁡   (   n 1 +  n 2 ) +  L 3   log ⁡   (   n 1 +  n 2 )


   𝔼   {   i k  j k } , 𝝎  [   ‖   ∑  k = 1 m   𝜔 k  E   i k  j k ‖ ]


   Z k =  𝜔 k  E   i k  j k


  k ∈  [ m ]


  𝔼  [   Z k ] = 0


  L = 1


  𝔼  [   Z k  Z k ⊤ ] = 𝔼  [   E   i k  j k  E   i k  j k ⊤ ] = 𝔼  [   𝒆   i k  𝒆   i k ⊤ ] =  1   n 1  I   n 1 ,         𝔼  [   Z k ⊤  Z k ] =  1   n 2  I   n 2


  v =   max ⁡   {   m   n 1 ,  m   n 2 } =  m   n 1


   n 1 ≤  n 2


  𝔼  [   ‖   ∑ k   Z k ‖ ] ≤     2 m   n 1   log ⁡   (   n 1 +  n 2 ) +  1 3   log ⁡   (   n 1 +  n 2 )


     ‖ M ‖ ∗ ≤ 𝜏


     ‖ M ‖  max ≤ B


  m


  M


   X ^


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ] ,            ‖ X ‖  max ≤ B


  1 − 𝛿


   1   n 1  n 2  ∑  i j   |     X ^  i j −  M  i j | ≲ 𝜏  (        log ⁡   (   n 1 +  n 2 )  m  n 1 +     log ⁡   (   n 1 +  n 2 ) m ) + B       log ⁡   (   1 / 𝛿 ) m


  rank  ( M ) ≤ r


  𝜏 ≤ B   r  n 1  n 2


   1   n 1  n 2  ∑  i j   |     X ^  i j −  M  i j | ≲ B         r n 2 log ⁡   (   n 1 +  n 2 ) m + B       log ⁡   (   1 / 𝛿 ) m


     ‖ M ‖ ∗ ≤ 𝜏


     ‖ M ‖  max ≤ B


  m


  M


   X ^


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ] ,            ‖ X ‖  max ≤ B


  1 − 𝛿


   1   n 1  n 2  ∑  i j   |     X ^  i j −  M  i j | ≲ 𝜏  (        log ⁡   (   n 1 +  n 2 )  m  n 1 +     log ⁡   (   n 1 +  n 2 ) m ) + B       log ⁡   (   1 / 𝛿 ) m


  𝜀


  m = Ω  (     B 2   𝜀 2  (  r  n 2   log ⁡   (   n 1 +  n 2 ) +   log ⁡   (   1 / 𝛿 ) ) )


     ‖ M ‖ ∗ ≤ 𝜏


     ‖ M ‖  max ≤ B


  m


  M


   X ^


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ] ,            ‖ X ‖  max ≤ B


  1 − 𝛿


   1   n 1  n 2  ∑  i j   |     X ^  i j −  M  i j | ≲ 𝜏  (        log ⁡   (   n 1 +  n 2 )  m  n 1 +     log ⁡   (   n 1 +  n 2 ) m ) + B       log ⁡   (   1 / 𝛿 ) m


   1 m  ∑  k = 1 m   |   X   i k  j k −  M   i k  j k | ≤ 𝜂                 ⟹                  1   n 1  n 2  ∑  i j   |     X ^  i j −  M  i j | ≤ RHS + 𝜂


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ]


  M


  M =  𝒆 1  𝒆 1 ⊤ =  (     1  0  ⋯  0   0  0  ⋯  0   ⋮  ⋮  ⋱  ⋮   0  0  ⋯  0 )


   M  11


    Pr ⁡   [   M  11   is   missed ] =    (  1 −  1   n 2 ) m


   1 /   n 2


  𝜇


  U ⊆  ℝ n


  r


  𝜇 =  n r     max i ⁡       ‖   P U  𝒆 i ‖ 2 2 ,


   P U


  U


  U


  𝜇 =  O ~  ( 1 )


  U =  𝒆 1


  𝜇 =  n / r


   n 1 =  n 2 = n


  M = U Σ  V ⊤


  U , V ∈  ℝ  n × r , Σ ∈  ℝ  r × r


  𝜇  ( U ) , 𝜇  ( V ) ≤  𝜇 0


     ‖  U  V ⊤ ‖  max ≤    𝜇 1  r / n


  M


   n 1 =  n 2 = n


  M = U Σ  V ⊤


  U , V ∈  ℝ  n × r , Σ ∈  ℝ  r × r


  𝜇  ( U ) , 𝜇  ( V ) ≤  𝜇 0


     ‖  U  V ⊤ ‖  max ≤    𝜇 1  r / n


  1 − 𝛿


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ]


  M


  m ≥ Ω  (    max ⁡   {   𝜇 1 2 ,  𝜇 0 } r n     log 2 ⁡   (   n / 𝛿 ) )


  M + Z


  B


   ‖ B ‖ ≤ 1


     ‖  M + Z ‖ ∗ ≥  ⟨  M + Z , B ⟩ >    ‖ M ‖ ∗


  M + Z


  M = U Σ  V ⊤


   𝒖 1 , … ,  𝒖 r


  U


   𝒗 1 , … ,  𝒗 r


  V


   ℝ n


   𝒖  r + 1 , … ,  𝒖 n


   𝒗  r + 1 , … ,  𝒗 n


  T = span  {   𝒖 i  𝒗 j ⊤   : i ∈  [ r ]   or   j ∈  [ r ] }


   T ⊥ = span  {   𝒖 i  𝒗 j ⊤   : r + 1 ≤ i , j ≤ n }


    dim ⁡   ( T ) =  r 2 + 2 r  (  n − r )


   𝒫 T  [ Z ] =  P U Z + Z  P V −  P U Z  P V


    dim ⁡   (   T ⊥ ) =    (  n − r ) 2


   𝒫   T ⊥  [ Z ] =  P   U ⊥ Z  P   V ⊥


  Ω


     ‖  M + Z ‖ ∗ >    ‖ M ‖ ∗


  Z


   Ω c


  B


   ⟨  M + Z , B ⟩ >    ‖ M ‖ ∗


   U ⊥ ,  V ⊥


   𝒫   T ⊥  [ Z ]


  B =  [     U   U ⊥ ]  [      V ⊤    V ⊥ ⊤ ] = U  V ⊤ +  U ⊥  V ⊥ ⊤


   ‖ B ‖ ≤ 1


  B


     ‖  M + Z ‖ ∗ ≥  ⟨  M + Z , B ⟩ =  ⟨  M + Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ ⟩


  =  ⟨  M , U  V ⊤ ⟩ +  ⟨  Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ ⟩


  =    ‖ M ‖ ∗ +  ⟨  Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ ⟩


   ⟨  Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ ⟩ > 0


  Z


   Ω c


  M ⊥  U ⊥  V ⊥ ⊤


  Y


  Y


  Ω


   ⟨  Y , Z ⟩ = 0


     ‖   𝒫 T  [ Y ] − U  V ⊤ ‖ F ≤    r /  8 n


   𝒫 T  [ Y ] ≈ U  V ⊤


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  1 / 2


   𝒫   T ⊥  [ Y ]


   ⟨  Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ ⟩ =  ⟨  Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ − Y ⟩


  =  ⟨   𝒫 T  [ Z ] ,  𝒫 T  [  U  V ⊤ +  U ⊥  V ⊥ ⊤ − Y ] ⟩ +  ⟨   𝒫   T ⊥  [ Z ] ,  𝒫   T ⊥  [  U  V ⊤ +  U ⊥  V ⊥ ⊤ − Y ] ⟩


  =  ⟨   𝒫 T  [ Z ] , U  V ⊤ −  𝒫 T  [ Y ] ⟩ +  ⟨   𝒫   T ⊥  [ Z ] ,  U ⊥  V ⊥ ⊤ −  𝒫   T ⊥  [ Y ] ⟩


  =  ⟨   𝒫 T  [ Z ] , U  V ⊤ −  𝒫 T  [ Y ] ⟩ +    ‖   𝒫   T ⊥  [ Z ] ‖ ∗ −  ⟨   𝒫   T ⊥  [ Z ] ,    𝒫   T ⊥  [ Y ] ⟩


   ⟨  A , B ⟩ = tr  [   A ⊤ B ]


  = tr  [   A ⊤  (  P +  P ⊥ ) B ]


  = tr  [   A ⊤ P P B ] + tr  [   A ⊤  P ⊥  P ⊥ B ]


  =  ⟨  P A , P B ⟩ +  ⟨   P ⊥ A ,  P ⊥ B ⟩


  Y


  Y


  Ω


   ⟨  Y , Z ⟩ = 0


     ‖   𝒫 T  [ Y ] − U  V ⊤ ‖ F ≤    r /  8 n


   𝒫 T  [ Y ] ≈ U  V ⊤


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  1 / 2


   𝒫   T ⊥  [ Y ]


   ⟨  Z , U  V ⊤ +  U ⊥  V ⊥ ⊤ ⟩ =  ⟨   𝒫 T  [ Z ] , U  V ⊤ −  𝒫 T  [ Y ] ⟩ +    ‖   𝒫   T ⊥  [ Z ] ‖ ∗ −  ⟨   𝒫   T ⊥  [ Z ] ,    𝒫   T ⊥  [ Y ] ⟩


  ≥ −    r  8 n    ‖   𝒫 T  [ Z ] ‖ F +    ‖   𝒫   T ⊥  [ Z ] ‖ ∗ −  ⟨   𝒫   T ⊥  [ Z ] ,    𝒫   T ⊥  [ Y ] ⟩


  ≥ −    r  8 n    ‖   𝒫 T  [ Z ] ‖ F +    ‖   𝒫   T ⊥  [ Z ] ‖ ∗ −  1 2    ‖   𝒫   T ⊥  [ Z ] ‖ ∗ = −    r  8 n    ‖   𝒫 T  [ Z ] ‖ F +  1 2    ‖   𝒫   T ⊥  [ Z ] ‖ ∗


  −    r /  8 n    ‖   𝒫 T  [ Z ] ‖ F +  (   1 / 2 )    ‖   𝒫   T ⊥  [ Z ] ‖ ∗ > 0


   R Ω


  Ω


   ℛ Ω  [ Z ] =  ∑   (  i , j ) ∈ Ω   ⟨   𝒆 i  𝒆 j ⊤ , Z ⟩  𝒆 i  𝒆 j ⊤


  Ω


  m ≥ Ω  (  n r   log ⁡ n )


     n 2 m  ‖   𝒫 T  ℛ Ω  𝒫 T −  m   n 2  𝒫 T ‖ <  1 2


  Ω


  m ≥ r n   log ⁡ n


  Z


   Ω c


     ‖   𝒫   T ⊥  [ Z ] ‖ ∗ >    r  2 n    ‖   𝒫 T  [ Z ] ‖ F


   ‖   𝒫 T  ℛ Ω  𝒫 T −  m   n 2  𝒫 T ‖ <  m  2  n 2


   |   ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] −  m   n 2  𝒫 T  [ Z ] ⟩ | ≤  ‖   𝒫 T  ℛ Ω  𝒫 T −  m   n 2  𝒫 T ‖ ⋅    ‖ Z ‖ F 2


   ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] −  m   n 2  𝒫 T  [ Z ] ⟩ ≥ −  m  2  n 2    ‖ Z ‖ F 2


   ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] −  m   n 2  𝒫 T  [ Z ] ⟩ =  ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] ⟩ −  m   n 2  ⟨  Z ,  𝒫 T  [ Z ] ⟩ =  ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] ⟩ −  m   n 2    ‖   𝒫 T  [ Z ] ‖ F 2


   ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] ⟩ ≥  m   n 2    ‖   𝒫 T  [ Z ] ‖ F 2 −  m    2 n 2    ‖ Z ‖ F 2


  =  m   n 2    ‖   𝒫 T  [ Z ] ‖ F 2 −  m    2 n 2    ‖   𝒫 T  [ Z ] +  𝒫   T ⊥  [ Z ] ‖ F 2


  =  m    2 n 2    ‖   𝒫 T  [ Z ] ‖ F 2 −  m    2 n 2    ‖   𝒫   T ⊥  [ Z ] ‖ F 2


   ⟨  Z ,  𝒫 T  ℛ Ω  𝒫 T  [ Z ] ⟩ =  ⟨   𝒫 T  [ Z ] ,  ℛ Ω  𝒫 T  [ Z ] ⟩


  =  ⟨   ℛ Ω  𝒫 T  [ Z ] ,  ℛ Ω  𝒫 T  [ Z ] ⟩ =    ‖   ℛ Ω  𝒫 T  [ Z ] ‖ F 2


  =    ‖   ℛ Ω  (  Z −  𝒫   T ⊥  [ Z ] ) ‖ F 2 =    ‖   ℛ Ω  𝒫   T ⊥  [ Z ] ‖ F 2


  ≤    ‖   𝒫   T ⊥  [ Z ] ‖ F 2


     ‖   𝒫   T ⊥  [ Z ] ‖ F 2 ≥  m    2 n 2    ‖   𝒫 T  [ Z ] ‖ F 2 −  m    2 n 2    ‖   𝒫   T ⊥  [ Z ] ‖ F 2


   (  1 +  m  2  n 2 )    ‖   𝒫   T ⊥  [ Z ] ‖ F 2 ≥  m    2 n 2    ‖   𝒫 T  [ Z ] ‖ F 2


     ‖   𝒫   T ⊥  [ Z ] ‖ F 2 ≥  m  m + 2  n 2    ‖   𝒫 T  [ Z ] ‖ F 2 ≥  m  4  n 2    ‖   𝒫 T  [ Z ] ‖ F 2


     ‖   𝒫   T ⊥  [ Z ] ‖ ∗ 2 ≥    ‖   𝒫   T ⊥  [ Z ] ‖ F 2


     ‖   𝒫   T ⊥  [ Z ] ‖ ∗ ≥    m  2 n    ‖   𝒫 T  [ Z ] ‖ F 2


  ∎


   R Ω


  Ω


   ℛ Ω  [ Z ] =  ∑   (  i , j ) ∈ Ω   ⟨   𝒆 i  𝒆 j ⊤ , Z ⟩  𝒆 i  𝒆 j ⊤


  Ω


  m ≥ Ω  (  n r   log ⁡ n )


     n 2 m  ‖   𝒫 T  ℛ Ω  𝒫 T −  m   n 2  𝒫 T ‖ <  1 2


   ‖ 𝒯 ‖ =     max     ‖ Z ‖ F ≤ 1 ⁡     ‖  𝒯  [ Z ] ‖ F


  𝔼  [   ℛ Ω  ( Z ) ] =  m   n 2 Z


  𝔼  [   ℛ Ω ] =  m   n 2 Id


  𝔼  [   𝒫 T  ℛ Ω  𝒫 T ] =  𝒫 T 𝔼  [   ℛ Ω ]  𝒫 T =  m   n 2  𝒫 T


   ℛ Ω  𝒫 T  [ Z ] =  ∑   (  i , j ) ∈ Ω   ⟨   𝒆 i  𝒆 j ⊤ ,  𝒫 T  [ Z ] ⟩  𝒆 i  𝒆 j ⊤ =  ∑   (  i , j ) ∈ Ω   ⟨   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ,   Z ⟩  𝒆 i  𝒆 j ⊤


   R Ω


  Ω


   ℛ Ω  [ Z ] =  ∑   (  i , j ) ∈ Ω   ⟨   𝒆 i  𝒆 j ⊤ , Z ⟩  𝒆 i  𝒆 j ⊤


  Ω


  m ≥ Ω  (  n r   log ⁡ n )


     n 2 m  ‖   𝒫 T  ℛ Ω  𝒫 T −  m   n 2  𝒫 T ‖ <  1 2


   ‖ 𝒯 ‖ =     max     ‖ Z ‖ F ≤ 1 ⁡     ‖  𝒯  [ Z ] ‖ F


  𝔼  [   𝒫 T  ℛ Ω  𝒫 T ] =  m   n 2  𝒫 T


   𝒫 T  ℛ Ω  𝒫 T  [ Z ] =  ∑   (  i , j ) ∈ Ω   ⟨   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ,   Z ⟩  𝒫 T  [   𝒆 i  𝒆 j ⊤ ]


   𝒯  i j  [ Z ]


  Ω


  m ≥ Ω  (  n r   log ⁡ n )


     n 2 m  ‖   𝒫 T  ℛ Ω  𝒫 T −  m   n 2  𝒫 T ‖ <  1 2


   𝒯  i j


  i , j ∈  [ n ]


   𝒯  i j  [ Z ] =  ⟨   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ,   Z ⟩  𝒫 T  [   𝒆 i  𝒆 j ⊤ ]


   𝒫 T  ℛ Ω  𝒫 T =  ∑  k = 1 m   𝒯   i k  j k


   𝒯  i j


   n 2 ×  n 2


  1


  vec  (   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ) vec    (   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ) ⊤


   ‖   𝒯  i j ‖ =    ‖   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ‖ F 2


  𝔼  [   𝒯   i k  j k ] =  1   n 2  𝒫 T


   ‖   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ‖ ≤   max ⁡   {     ‖   𝒫 T  [   𝒆   i k  𝒆   j k ⊤ ] ‖ F 2 ,  1 /   n 2 }


  A , B


   ‖  A − B ‖ ≤   max ⁡   {   ‖ A ‖ ,  ‖ B ‖ }


   ‖   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ‖ ≤   max ⁡   {     ‖   𝒫 T  [   𝒆   i k  𝒆   j k ⊤ ] ‖ F 2 ,  1 /   n 2 }


   𝒫 T  [ Z ] =  P U Z + Z  P V −  P U Z  P V


     ‖   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ‖ F 2 =  ⟨   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ,  𝒆 i  𝒆 j ⊤ ⟩ =    ‖   P U  e i ‖ 2 +    ‖   P V  e j ‖ 2 −    ‖   P U  e i ‖ 2    ‖   P V  e j ‖ 2


     ‖   P U  e i ‖ 2 ,    ‖   P V  e j ‖ 2 ≤    𝜇 0 r / n


     ‖   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ‖ F 2 ≤   2  𝜇 0 r n


   ‖   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ‖ ≤   max ⁡   {    2  𝜇 0 r n ,  1   n 2 } =   2  𝜇 0 r n


   ‖   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ‖


   ‖  𝔼  [     (   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ) 2 ] ‖ =  ‖  𝔼  [     (   𝒯   i k  j k −  1   n 2  𝒫 T ) 2 ] ‖ =  ‖  𝔼  [   𝒯   i k  j k 2 ] −  1   n 4  𝒫 T ‖


  ≤   max ⁡   {   ‖  𝔼  [   𝒯   i k  j k 2 ] ‖ ,  1   n 4 }


   𝒯  i j = vec  (   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ) vec    (   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ) ⊤


   𝒯  i j 2 =    ‖   𝒫 T  [   𝒆 i  𝒆 j ⊤ ] ‖ F 2 ⋅  𝒯  i j ≼   2  𝜇 0 r n  𝒯  i j


   ‖  𝔼  [   𝒯   i k  j k 2 ] ‖ ≤   2  𝜇 0 r n  ‖  𝔼  [   𝒯   i k  j k ] ‖ =   2  𝜇 0 r   n 3


   ‖  𝔼  [     (   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ) 2 ] ‖ ≤   max ⁡   {    2  𝜇 0 r   n 3 ,  1   n 4 } =   2  𝜇 0 r   n 3


    Pr ⁡   [   ‖   ∑ k   Z k ‖ ≥ t ] ≤  (   n 1 +  n 2 )   exp ⁡   (  −    t 2  2  (  v +   L t / 3 ) )


   Z k =  𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ]


  L =   2  𝜇 0 r / n


  v =   2  𝜇 0 r /   n 3


  t =  m /  ( 2  n 2 )


    Pr ⁡   [   ‖   ∑ k   (   𝒯   i k  j k − 𝔼  [   𝒯   i k  j k ] ) ‖ ≥  m  2  n 2 ] ≤ 2  n 2   exp ⁡   (  −      m 2 /   n 4   𝜇 0 r  (   1   n 3 +  m /   n 3 ) )


  = 2  n 2   exp ⁡   (  −  m   𝜇 0 r n ) ≤  1  poly  ( n )


  m ≥ Ω  (   𝜇 0 r n   log ⁡ n )


  ∎


  Y


  Y


  Ω


     ‖   𝒫 T  [ Y ] − U  V ⊤ ‖ F ≤    r /  8 n


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  1 / 2


  Ω


   Ω 1 , … ,  Ω p


  p =   log ⁡ n


  Y


   Y 0 = 0 ,                                                                              W 0 = U  V ⊤


   Y  i + 1 =  Y i +    n 2   m ′  ℛ   Ω  i + 1  [   W i ] ,        W  i + 1 = U  V ⊤ −  𝒫 T  [   Y  i + 1 ]


     n 2   m ′ 𝔼  [   ℛ   Ω  i + 1 ] = Id


  ⟹


   Y  i + 1 −  Y i


   W i


  𝜌 ∈  ℂ   2 n ×  2 n


  Ω


   Ω 1 , … ,  Ω p


  p =   log ⁡ n


  Y


   Y 0 = 0 ,                                                                              W 0 = U  V ⊤


   Y  i + 1 =  Y i +    n 2   m ′  ℛ   Ω  i + 1  [   W i ] ,        W  i + 1 = U  V ⊤ −  𝒫 T  [   Y  i + 1 ]


  Y =  Y p


  Ω


   𝒫 T  [   W i ] =  W i


  i ∈  {  0 , 1 , … , p }


     ‖   W i ‖ F =    ‖   𝒫 T  [   Y i ] − U  V ⊤ ‖ F =    ‖   𝒫 T  [   Y  i − 1 ] +    n 2   m ′  𝒫 T  ℛ   Ω i  [   W  i − 1 ] − U  V ⊤ ‖ F


  =    ‖     n 2   m ′  𝒫 T  ℛ   Ω i  [   W  i − 1 ] −  W  i − 1 ‖ F


  =    ‖     n 2   m ′  𝒫 T  ℛ   Ω i  𝒫 T  [   W  i − 1 ] −  𝒫 T  [   W  i − 1 ] ‖ F


  ≤    n 2   m ′  ‖   𝒫 T  ℛ   Ω i  𝒫 T −    m ′   n 2  𝒫 T ‖    ‖   W  i − 1 ‖ F


  ≤  1 2    ‖   W  i − 1 ‖ F


  Y


     ‖   𝒫 T  [ Y ] − U  V ⊤ ‖ F ≤    r /  8 n


  p =   log ⁡ n


   Y 0 = 0 ,                                                                              W 0 = U  V ⊤


   Y  i + 1 =  Y i +    n 2   m ′  ℛ   Ω  i + 1  [   W i ] ,        W  i + 1 = U  V ⊤ −  𝒫 T  [   Y  i + 1 ]


     ‖   W  i + 1 ‖ F ≤  1 2    ‖   W i ‖ F


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  1 / 2


   Δ i Y ≔  Y i −  Y  i − 1 =    n 2   m ′  ℛ   Ω i  [   W  i − 1 ]


   W i ∈ T


   ℛ   Ω i  [   W  i − 1 ]


   Δ i Y =  𝒫 T  [   Δ i Y ] +  𝒫   T ⊥  [   Δ i Y ]


   𝒫   T ⊥  [   Δ i Y ] =  𝒫   T ⊥  [     n 2   m ′  ℛ   Ω i  [   W  i − 1 ] ] =  𝒫   T ⊥  [   (     n 2   m ′  ℛ   Ω i − Id )  [   W  i − 1 ] ]


  𝔼  [     n 2   m ′  ℛ   Ω i ] = Id


   𝒫   T ⊥  [   W  i − 1 ] = 0


   ‖   𝒫   T ⊥  [ Y ] ‖ =  ‖   𝒫   T ⊥  [   ∑  i = 1 p   Δ i Y ] ‖ ≤  ∑  i = 1 p   ‖   𝒫   T ⊥  [   (     n 2   m ′  ℛ   Ω i − Id )  [   W  i − 1 ] ] ‖


  ≤  ∑  i = 1 p   ‖   (     n 2   m ′  ℛ   Ω i − Id )  [   W  i − 1 ] ‖


   𝒫   T ⊥  [ Z ] =  (  I − U  U ⊤ ) Z  (  I − V  V ⊤ )


   ‖   (  I − U  U ⊤ ) Z  (  I − V  V ⊤ ) ‖ ≤  ‖  I − U  U ⊤ ‖ ⋅  ‖ Z ‖ ⋅  ‖  I − V  V ⊤ ‖ =  ‖ Z ‖


  M =  (     1  0   0  0 )


  U , V =  𝒆 1


   𝒫 T  [   (     a  b   c  d ) ] =  (     a  b   c  0 )


   𝒫   T ⊥  [   (     a  b   c  d ) ] =  (     0  0   0  d )


  A =  (     1  1   1  − 1 )


   ‖ A ‖ =  2


   𝒫 T  [ A ] =  (     1  1   1  0 )


   ‖   𝒫 T  [ A ] ‖ =   1 +  5 2 >  2


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  ∑  i = 1 p   ‖   (     n 2   m ′  ℛ   Ω i − Id )  [   W  i − 1 ] ‖


  Z


   Ω i


  1 − 𝜂


   ‖   (     n 2   m ′  ℛ   Ω i − Id )  [ Z ] ‖ ≤      n 3   log ⁡   (   n / 𝜂 )   m ′    ‖ Z ‖  max ,


   m ′ ≥ Ω  (  r n   log ⁡   (   n / 𝜂 ) )


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  ∑  i = 1 p   ‖   (     n 2   m ′  ℛ   Ω i − Id )  [   W  i − 1 ] ‖ ≤      n 3   log ⁡   (   n / 𝜂 )   m ′  ∑  i = 1 p     ‖   W  i − 1 ‖  max


   (     n 2   m ′  ℛ   Ω i − Id )  [ Z ] =  1   m ′  ∑  k = 1   m ′   (   n 2  Z   i k  j k  E   i k  j k − Z )


  𝔼  [   X k ] = 0


   ‖   X k ‖ ≤ 2  n 2    ‖ Z ‖  max


  𝔼  [   X k  X k ⊤ ] =  n 4 𝔼  [   Z   i k  j k 2  E   i k  i k ] −  n 2 𝔼  [   Z   i k  j k  E   i k  j k ]  Z ⊤ −  n 2 Z 𝔼  [   Z   i k  j k  E   j k  i k ] + Z  Z ⊤


  =  n 2  ∑  a b   Z  a b 2  E  a b − Z  Z ⊤ ≼  n 3    ‖ Z ‖  max 2 ⋅ I


    Pr ⁡   [   ‖   1   m ′  ∑ k   X k ‖ ≥ t ] ≤ n   exp ⁡   (  −    t 2  2  (     n 3    ‖ Z ‖  max 2 /   m ′ +   2  n 2 t /   (  3  m ′ ) ) )


   X k


    Pr ⁡   [   ‖   1   m ′  ∑ k   X k ‖ ≥ t ] ≤ n   exp ⁡   (  −    t 2  2  (     n 3    ‖ Z ‖  max 2 /   m ′ +   2  n 2 t /   (  3  m ′ ) ) )  


  t ≥      n 3   log ⁡   (   n / 𝜂 )   m ′    ‖ Z ‖  max


  ∎


  Z ∈ T


   Ω i


  1 − 𝜂


     ‖  Z −    n 2   m ′  𝒫 T  ℛ   Ω i  [ Z ] ‖  max ≤  1 2    ‖ Z ‖  max


   m ′ ≥ Ω  (   𝜇 0 r n   log ⁡   (   1 / 𝜂 ) )


   Y 0 = 0 ,                                                                              W 0 = U  V ⊤


   Y  i + 1 =  Y i +    n 2   m ′  ℛ   Ω  i + 1  [   W i ] ,        W  i + 1 = U  V ⊤ −  𝒫 T  [   Y  i + 1 ]


   W  i + 1 −  W i =  𝒫 T  [   Y i −  Y  i + 1 ] = −    n 2   m ′  𝒫 T  ℛ   Ω  i + 1  [   W i ]


     ‖   W i ‖  max =    ‖   W  i − 1 −    n 2   m ′  𝒫 T  ℛ   Ω i  [   W  i − 1 ] ‖  max ≤  1 2    ‖   W  i − 1 ‖  max ≤ ⋯ ≤  2  − i    ‖  U  V ⊤ ‖  max


   ‖   𝒫   T ⊥  [ Y ] ‖ ≤  ∑  i = 1 p   ‖   (     n 2   m ′  ℛ   Ω i − Id )  [   W  i − 1 ] ‖


  ≤      n 3   log ⁡   (   n / 𝜂 )   m ′  ∑  i = 1 p     ‖   W  i − 1 ‖  max


  ≤      n 3   log ⁡   (   n / 𝜂 )   m ′  ∑  i = 1 p   2  −  (  i − 1 )    ‖  U  V ⊤ ‖  max


  ≤ 2      n 3   log ⁡   (   n / 𝜂 )   m ′    𝜇 1  r n ≤  1 2


   m ′ ≥ Ω  (   𝜇 1 2 r n   log ⁡   (   n / 𝜂 ) )


   m ′ ≥ Ω  (   𝜇 0 r n   log ⁡   (   n / 𝜂 ) )


   n 1 =  n 2 = n


  M = U Σ  V ⊤


  U , V ∈  ℝ  n × r , Σ ∈  ℝ  r × r


  𝜇  ( U ) , 𝜇  ( V ) ≤  𝜇 0


     ‖  U  V ⊤ ‖  max ≤    𝜇 1  r / n


  1 − 𝛿


   X ^ =   arg ⁡      min X ⁡     ‖ X ‖ ∗                 s . t .                    X   i k  j k =  M   i k  j k     ∀ k ∈  [ m ]


  M


  m ≥ Ω  (    max ⁡   {   𝜇 1 2 ,  𝜇 0 } r n     log 2 ⁡   (   n / 𝛿 ) )


     (     n 2   m ′  𝒫 T  ℛ   Ω i  [ Z ] − Z )  a , b =  1   m ′  ∑  k = 1   m ′   (   n 2  Z   i k  j k  ⟨   𝒫 T  [   E   i k  j k ] ,  E  a b ⟩ −  Z  a b )


  =  1   m ′  ∑  k = 1   m ′   (   n 2  Z   i k  j k  ⟨   E   i k  j k ,  𝒫 T  [   E  a b ] ⟩ −  Z  a b )


     ‖   𝒫 T  [   E  a b ] ‖ F 2 ≤   2  𝜇 0 r n


   |   𝜉 k | ≤  n 2    ‖ Z ‖  max    ‖   𝒫 T  [   E  a b ] ‖ F    ‖   𝒫 T  [   E   i k  j k ] ‖ F = 4  𝜇 0 r n    ‖ Z ‖  max


   𝜉 k


     (     n 2   m ′  𝒫 T  ℛ   Ω i  [ Z ] − Z )  a , b =  1   m ′  ∑  k = 1   m ′   (   n 2  Z   i k  j k  ⟨   E   i k  j k ,  𝒫 T  [   E  a b ] ⟩ −  Z  a b )


     ‖   𝒫 T  [   E  a b ] ‖ F 2 ≤   2  𝜇 0 r n


   |   𝜉 k | ≤ 4  𝜇 0 r n    ‖ Z ‖  max


  𝔼  [   n 2  Z   i k  j k  ⟨   E   i k  j k ,  𝒫 T  [   E  a b ] ⟩ ] =  Z  a b


  𝔼  [   𝜉 k 2 ] ≤ 𝔼  [     (   n 2  Z   i k  j k  ⟨   E   i k  j k ,  𝒫 T  [   E  a b ] ⟩ ) 2 ] ≤  n 2    ‖ Z ‖  max 2    ‖   𝒫 T  [   E  a b ] ‖ F 2 ≤ 2  𝜇 0 r n    ‖ Z ‖  max 2


   𝜉 k


     (     n 2   m ′  𝒫 T  ℛ   Ω i  [ Z ] − Z )  a , b =  1   m ′  ∑  k = 1   m ′   𝜉 k


   |   𝜉 k | ≤ 4  𝜇 0 r n    ‖ Z ‖  max


  𝔼  [   𝜉 k 2 ] ≤ 2  𝜇 0 r n    ‖ Z ‖  max 2


    Pr ⁡   [   |   ∑  k = 1   m ′   1   m ′  𝜉 k | ≥ t ] ≤ 2   exp ⁡   (  −      t 2 / 2    2  𝜇 0 r n    ‖ Z ‖  max 2 /   m ′ +   4  𝜇 0 r n    ‖ Z ‖  max t /   (  3  m ′ ) )


  t =  1 2    ‖ Z ‖  max


  RHS ≤ 𝜂


   m ′ ≥ Ω  (   𝜇 0 r n   log ⁡   (   1 / 𝜂 ) )


  ∎

